Abstract. We provide a large class of discrete amenable groups for which the complex group ring has several C * -completions, thus providing partial evidence towards a positive answer to a question raised by Rostislav Grigorchuk, Magdalena Musat and Mikael Rørdam.
Introduction
The interplay between group theory and operator algebras dates back to the seminal papers by Murray and von Neumann [MvN36] and by choosing different completions of a discrete countable group Γ one obtains interesting analytic objects; for instance the Banach algebra ℓ 1 (Γ), the full and reduced C * -algebras C * (Γ) and C * r (Γ), and the group von Neumann algebra LΓ. In general there are many norms on, say, ℓ 1 (Γ) such that the completion with respect to this norm gives a C * -algebra, and the question of when the C * -completion is unique (in which case Γ is said to be C * -unique) has been studied by various authors [LN04, Boi84, Bar83] . A C * -unique discrete group is evidently amenable and it is, to the best of the authors' knowledge, an open question whether the converse is true, although it is known to be false in the more general context of locally compact groups [LN04] . More recently, the paper [GMR18] put emphasis on the question of when the complex group algebra CΓ has a unique C * -completion. As is easily seen [GMR18, Proposition 6 .7], if Γ is locally finite (i.e. if every finitely generated subgroup is finite) then CΓ has a unique C * -completion, and [GMR18, Question 6.8] asks if the converse is true. The present paper provides partial evidence towards a positive answer to this, in that we prove that for the following classes of non-locally finite groups have several C * -completions.
Theorem A (see Proposition 2.4 and Corollary 3.7). The class of countable groups Γ for which CΓ does not have a unique C * -norm includes the following: (i) Infinite groups of polynomial growth. (ii) Torsion free, elementary amenable groups with a non-trivial, finite conjugacy class. (iii) Groups with a central element of infinite order.
The key to the proof of of (i) and (ii) is the so-called strong Atiyah conjecture (see Section 3.1) which predicts a concrete restriction on the von Neumann dimension of kernels of elements in the complex group algebra under the left regular representation -notably these are predicted to be either zero or one if the group in question is torsion free.
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Basic results on C * -uniqueness
In what follows, all discrete groups are implicitly assumed to be at most countable. We will use several operator algebras associated to a discrete group Γ: the maximal C * -algebra C * (Γ), the reduced C * -algebra C * r (Γ) and the von Neumann algebra LΓ. For more information on these, we refer to [BO08, §2.5]. We recall that LΓ = (λ(CΓ)) ′′ ⊂ B(ℓ 2 Γ) is generated by the left regular representation λ : CΓ → B(ℓ 2 Γ) and carries a canonical, faithful, normal trace given by τ (x) = xδ e , δ e . In what follows, tr will denote the normalized trace on M n (C) while Tr will denote the non-normalized trace.
We begin by formally introducing the notion of C * -uniqueness. In order to avoid a notational conflict with the already existing notions studied in [LN04, Boi84] , we emphasize that we are investigating the uniqueness of C * -norms on the complex group algebra in contrast to the ℓ 1 -algebra.
Definition 2.1. Let Γ be a discrete group. CΓ is said to be:
(i) C * -unique if it carries a unique C * -norm; (ii) C * r -unique if no C * -norm on CΓ is properly majorised by the reduced C * -norm. Γ is said to be algebraically C * -(respectively C * r -)unique if CΓ is C * -(respectively C * r -)unique.
Amenable groups are characterized by the property that the maximal and reduced C * -algebras coincide, and thus a nonamenable group is never algebraically C * -unique; on the other hand, for amenable groups the above notions coincide. Note also that the class of C * -simple groups, which has recently received a lot of attention [BKKO17, LB17] , falls within the class of algebraically C * r -unique groups. As already mentioned in the introduction, algebraic C * -uniqueness appeared in the recent paper [GMR18] in which the authors observed that locally finite groups have this property and asked if this characterizes the class of locally finite groups. Below we prove a few basic permanence results regarding algebraic C * -uniqueness, but before doing so we give an alternative characterization, which is straightforward algebraic adaptation of the similar result for ℓ 1 -algebras [Bar83, Proposition 2.4].
Lemma 2.2. Let Γ be a discrete group. Then CΓ is C * -unique (respectively C * r -unique) if and only if every nontrivial closed, two-sided ideal in C * (Γ) (respectively C * r (Γ)) intersects CΓ non-trivially.
Proof. We give the proof for the statement about algebraic C * -uniqueness; the other case is obtained by replacing C * (Γ) by C * r (Γ) throughout the proof. Assume that there is a nontrivial ideal J C * (Γ) intersecting CΓ trivially and denote by q : C * (Γ) → C * (Γ)/J the quotient map. Composing q with the inclusion CΓ ֒→ C * (Γ) yields a faithful representation of CΓ and it defines a C * -norm on it that is properly majorised by the maximal norm by non-triviality of J. Conversely, if there is a C * -norm on CΓ which is properly majorised by the norm coming from C * (Γ), then C * (Γ) surjects onto the corresponding quotient, and the kernel of this surjection is a non-trivial ideal intersecting CΓ trivially.
Corollary 2.3. Let Γ and Λ be discrete groups. If C(Γ × Λ) is C * -unique (respectively C * runique), then so are CΓ and CΛ.
The same proof with C * replaced by C * r and ⊗ max replaced by ⊗ min works for the reduced case.
Proposition 2.4. If Γ is a discrete group with a central element of infinite order then
Proof. Denote by Z the subgroup in Γ generated by a central element of infinite order. Then
via the Fourier transform and we denote by p ∈ LZ the projection corresponding to the characteristic function of the upper half circle {e iθ | θ ∈ [0, π]}. Define π := λ Γ p; i.e. the left regular representation of Γ restricted to the invariant subspace pℓ 2 (Γ). Choosing a non-zero function f ∈ C(S 1 ) supported in the lower half circle we obtain a non-zero element x ∈ C * r (Z) ⊂ C * r (Γ) with xp = 0 and hence the norm on C * r (Γ) induced by π is not the one induced by λ Γ . We now only need to see that π is faithful on CΓ. To this end, consider the trace-preserving conditional expectation E : LΓ → LZ [BO08, Lemma 1.5.11] and assume that a ∈ CΓ is in the kernel of π. Then a * a is also in the kernel of π and since E is an LZ-bimodule map [BO08, Proposition 1.5.7] we get
However, E(CΓ) ⊂ CZ ≃ Pol(z,z) ⊂ C(S 1 ) and therefore E(λ Γ (a * a)) = 0 and since E is trace-preserving and the trace on LΓ is faithful we conclude that a * a, and hence a, is zero.
Corollary 2.5. An abelian group is algebraically C * -unique if and only if it is locally finite (i.e. pure torsion).
Remark 2.6. The result in Corollary 2.5 was also observed, independently and with different proofs, by Rostislav Grigorchuk, Magdalena Musat and Mikael Rørdam (unpublished).
Remark 2.7. The class of locally finite groups has many stability properties -for instance it is closed under subgroups, quotients and extensions and, moreover, being virtually locally finite is the same as being locally finite. However, verifying these properties for the class of C * -unique groups seems to be a much bigger challenge.
3. The strong Atiyah conjecture and C * r -uniqueness 3.1. The strong Atiyah conjecture. The key to our main result is the so-called strong Atiyah conjecture which is briefly described in the following. A good general reference is [Lüc02, Chapter 10] where all of the results below can be found, and to which we also refer for the original references. Let Γ be a discrete group and denote by 1 | FIN(Γ)| Z the additive subgroup in Q generated by the set
given by left multiplication with A (via the left regular representation of Γ). The strong Atiyah conjecture then predicts that
Here dim LΓ (−) denotes the von Neumann dimension of the (right) Hilbert LΓ-module ker(L A ) defined as the non-normalized trace of the kernel projection P ker L A ; see [Lüc02] for details on this. It should be noted that the strong Atiyah conjecture is false in general [Lüc02, Theorem 10.23], but is known to hold for all groups which have a bound on the order of finite subgroups and belong to Linnell's class C [Lüc02, Theorem 10.19], the latter being the smallest class of groups which contain all free groups, is closed under directed unions and extensions by elementary amenable groups (i.e., if Λ Γ, Λ ∈ C and Γ/Λ is elementary amenable, then Γ ∈ C ). The above discussion motivates the following notion.
Definition 3.1. Let Γ be a countable group. The torsion multiplier of Γ is defined as
In this definition, and in what follows, we use the convention that the least common multiple (lcm) of an infinite set of natural numbers is infinity and that 1 ∞ = 0. Note that if Γ has an upper bound on the set of finite subgroups, then
and 1 |FIN(G)| Z has 0 as an accumulation point otherwise. In view of this, the strong Atiyah conjecture for a group Γ with θ(Γ) > 0 implies that the possible kernel dimensions are properly quantized in the sense that they can only take values in the discrete set {nθ(Γ) | n ∈ N} ⊂ R. Theorem A (i) and (ii) will follow directly from our main technical result, Theorem 3.6 below. The key idea in the proof is to play the aforementioned "quantization" of the kernel dimensions against an abundance of central projections in LΓ with small traces which provide representations of C * r (Γ) with non-trivial kernels. To quantify this, we need the following definition.
Definition 3.2. The central granularity of Γ is defined as
We note that σ(Γ) < 1 if and only if Z(LΓ) is nontrivial which is equivalent Γ not being icc 1 . The next proposition computes the central granularity of Γ in group-theoretic terms.
Recall that the FC-centre Γ fc is the normal subgroup of Γ consisting of all elements with finite conjugacy classes.
Proposition 3.3. Let Γ fc Γ be the FC-centre of Γ. Then
where the right-hand side is interpreted as 0 if
Proof. Γ fc is an increasing union of a sequence of finitely generated normal subgroups Λ n Γ; to see this, note that Γ fc is clearly an increasing union of a sequence of finitely generated subgroups Λ ′ n , and defining Λ n to be generated by the Γ-conjugacy classes of a finite system of generators for Λ ′ n yields the desired sequence of finitely generated subgroups which are normal in Γ. We now have two cases to consider: (i) all Λ n are finite (equivalently, Γ fc is a torsion group), (ii) Λ n is infinite for some n.
In case (i), setting p n := 1 |Λn| g∈Λn g, we get a projection p n ∈ LΓ fc with τ (p n ) = 1 |Λn| ; moreover, p n is central in LΓ since Λ n is normal in Γ. This proves that σ(Γ) = 0 if Γ fc is an infinite torsion group (in this case |Λ n | → ∞). If Γ fc is finite, then the sequence stabilizes, and therefore we get a central projection p in LΓ with trace 1 |Γ fc | . The centre of LΓ consists of elements whose associated Fourier series in ℓ 2 (Γ) = L 2 (LΓ, τ ) are supported only on Γ fc and are constant along conjugacy classes, and is therefore contained in the centre of LΓ fc ; hence we get 1 |Γ fc | σ(Γ) σ(Γ fc ). But we also have LΓ fc = CΓ fc which by representation theory of finite groups is isomorphic to a direct sum of matrix algebras π M dπ (C) with the trace given by π In case (ii) we fix an n ∈ N such that Λ n =: Λ is infinite and note that since Λ is generated by a finite number of elements with finite conjugacy classes, its centralizer C Γ (Λ) is of finite index in Γ. We now claim that LΛ has a diffuse von Neumann subalgebra and thus projections of arbitrarily small trace. This can be seen as follows: if LΛ has a direct summand of type II 1 , it is clear because such von Neumann algebras are diffuse. Otherwise LΛ is of type I, but then Λ is virtually abelian [Lüc97, Lemma 3.3], and hence, being infinite by assumption and finitely generated by construction, contains a copy of Z which generates a diffuse von Neumann algebra LZ ∼ = L ∞ (S 1 ). In view of the above, for an arbitrary ε > 0 there is a projection p ∈ LΛ ⊂ LΓ fc of trace τ (p) < 
Lemma 3.4. Let Γ be a discrete non-icc group. For every ε > 0 there exists a nonzero projection p ∈ Z(LΓ) with τ (p) < σ(Γ) + ε and a nonzero, central element x ∈ C * r (Γ) with xp ⊥ = 0.
Proof. Since Γ is non-icc, Z(LΓ) = C1 so σ(Γ) < 1. Let ε > 0 be given and assume, without loss of generality, that σ(Γ) + ε < 1. One has Z(LΓ) = Z(C * r (Γ)) ′′ = Z(CΓ) ′′ , as can bee seen for instance by using Kaplansky's density theorem together with the center valued trace, and noting that Z(CΓ) consists of the elements whose coefficients are constant along conjugacy classes. By Gelfand duality, Z(C * r (Γ)) is isomorphic to the C * -algebra C(Z) of continuous functions on its Gelfand spectrum Z, which is a compact Hausdorff space; it is metrizable because C * r (Γ) is separable. The canonical trace τ thus gives a regular Borel probability measure µ on Z [Rud66, Theorem 2.14] and an isomorphism Z(LΓ) = Z(C * r (Γ)) ′′ ∼ = L ∞ (Z, µ) compatible with the natural inclusions. Projections in Z(LΓ) correspond via this isomorphism to measurable subsets of Z (up to null sets), and we therefore obtain a measurable subset A ⊂ Z such that 0 < µ(A) < σ(Γ) + ε/2. By regularity of µ, there exists
Now, there is a non-zero element x ∈ C(Z) vanishing on the compact set K := Z \ U (for instance, the distance function to K); letting p be the projection corresponding to U finishes the proof.
The following lemma gives a concrete description of the decomposition of the left regular representation of a discrete group Γ over the cosets of a finite index normal subgroup Λ. 
where g x = gxg −1 is the conjugation action of g ∈ Γ on LΛ.
Proof. Choose coset representatives g 1 , g 2 , . . . , g [Γ:Λ] of Γ/Λ and consider the isomorphisms of Hilbert spaces
These induce a * -isomorphism π : B(ℓ 2 Γ)
It is routine to check that π restricts to a trace-preserving inclusion of CΓ into M [Γ:Λ] (CΛ) which automatically implies the corresponding results for the reduced C * -algebras and von Neumann algebras. Finally, for h ∈ Λ we have
and thus formula (3.1) follows in view of the identity 
g i (p ⊥ ) and xp ⊥ = 0, it follows that x ∈ ker π q in view of (3.1). Let a ∈ CΓ ∩ ker π q . This means that π(a)q ⊥ = 0, and thus the kernel projection r of π(a) satisfies r q ⊥ . Therefore
On the other hand, the assumption [Γ : Λ] 2 · σ(Λ) < θ(Λ) forces an upper bound on the order of finite subgroups in Λ, i.e. θ(Λ) > 0, and since Λ is furthermore assumed to satisfy the strong Atiyah conjecture we obtain (using the notation of Section 3.1) that
This proves that π q is injective on CΓ and hence completes the proof.
As a corollary, we deduce that some important families of groups are not C * r -unique. In particular this includes the groups mentioned in Theorem A (i) and (ii), and together with Proposition 2.4 this completes the proof of Theorem A. Proof. To see (i), note that the existence of a non-trivial finite conjugacy class implies the existence of a non-trivial central element in CΓ (namely the sum of the elements in the finite conjugacy class) and hence a non-trivial projection in Z(LΓ); thus σ(Γ) < 1. Moreover, since Γ is torsion free, θ(Γ) = 1 and since Γ is assumed to satisfy the strong Atiyah conjecture it follows C * r -unique by Theorem 3.6. The last statement in (i) follows directly from this since the elementary amenable groups are contained in Linnell's class C (see Section 3.1) for which the strong Atiyah conjecture is known to hold in the presence of a bound on the order of finite subgroups [Lüc02, Theorem 10.19] . To see (ii), let Λ Γ be a normal finite index polycyclic subgroup of Γ. As Γ has infinite FC-centre, so does Λ and the FC-centre of Λ is moreover finitely generated by polycyclicity. A classical result by Hirsch [Hir46, Theorem 3.21] implies that the orders of finite subgroups of Λ are bounded; thus θ(Λ) > 0. On the other hand, σ(Λ) = 0 by Proposition 3.3 (ii). Moreover, polycyclic groups, being elementary amenable, satisfy the strong Atiyah conjecture. Thus, CΓ follows non-C * r unique by Theorem 3.6. Finally, the claim about infinite groups of polynomial growth follows by first observing that by Gromov's theorem [Gro81] these are exactly finitely generated virtually nilpotent groups. As finitely generated nilpotent groups are polycyclic, the claim follows once we argue that virtually nilpotent groups automatically have infinite FC-centre. To see this, recall that a finitely generated virtually nilpotent group Γ contains a finite index torsion free nilpotent normal subgroup Λ (by polycyclicity and [Hir46, Theorem 3.21]). Now it follows that the centre of Λ is infinite, and therefore so is the FC-centre Λ fc ; but as Λ Γ is a finite index inclusion, Λ fc ⊆ Γ fc . Thus, Γ fc is infinite.
